
Robust Scenario Interpretation from Multi-model Prediction
Efforts

Yuanhao Lu

University of Southern California

Los Angeles, USA

terryl@usc.edu

Ajitesh Srivastava

University of Southern California

Los Angeles, USA

ajiteshs@usc.edu

ABSTRACT
Multi-model prediction efforts in infectious disease modeling and

climate modeling involve multiple teams independently producing

projections under various scenarios. Often these scenarios are pro-

duced by the presence and absence of a decision in the future, e.g.,

no vaccinations (scenario A) vs vaccinations (scenario B) available

in the future. The models submit probabilistic projections for each

of the scenarios. Obtaining a confidence interval on the impact

of the decision (e.g., number of deaths averted) is important for

decision making. However, obtaining tight bounds only from the

probabilistic projections for the individual scenarios is difficult, as

the joint probability is not known. Further, the models may not

be able to generate the joint probability distribution due to vari-

ous reasons including the need to rewrite simulations, and storage

and transfer requirements. Without asking the submitting models

for additional work, we aim to estimate a non-trivial bound on

the outcomes due to the decision variable. We first prove, under a

key assumption, that an 𝛼−confidence interval on the difference

of scenario predictions can be obtained given only the quantiles

of the predictions. Then we show how to estimate a confidence

interval after relaxing that assumption. We use our approach to

estimate confidence intervals on reduction in cases, deaths, and

hospitalizations due to vaccinations based on model submissions

to the US Scenario Modeling Hub.
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1 INTRODUCTION
To leverage the wisdom of multiple experts in predictions, various

fields employ the approach of coordinating multiple teams who in-

dependently submit their projections. Such multi-model prediction

efforts are common in infectious disease modeling [2, 3, 7] and cli-

mate modeling [6, 9, 10]. Often, multiple projections are performed

under various “scenarios” produced by the presence and absence

of a decision in the future, e.g., no vaccinations (scenario A) vs

vaccinations (scenario B) available in the future. For example, the

Permission to make digital or hard copies of all or part of this work for personal or

classroom use is granted without fee provided that copies are not made or distributed

for profit or commercial advantage and that copies bear this notice and the full citation

on the first page. Copyrights for components of this work owned by others than ACM

must be honored. Abstracting with credit is permitted. To copy otherwise, or republish,

to post on servers or to redistribute to lists, requires prior specific permission and/or a

fee. Request permissions from permissions@acm.org.

SIGKDD’22, Washington, DC, USA,

© 2022 Association for Computing Machinery.

ACM ISBN 978-x-xxxx-xxxx-x/YY/MM. . . $15.00

https://doi.org/10.1145/nnnnnnn.nnnnnnn

US/CDC COVID-19 Scenario Modeling Hub coordinates the task of

long-term public health impacts under different scenarios [5]. The

participating models [1, 4, 8, 11] in this effort predict COVID-19

cases, hospitalization, and deaths for a scenario in weeks ahead as

a random variable and output 23 quantiles for each prediction.

The goal of generating scenario projections based on a future

decision is to assess the impact of that decision. It is crucial to

identify confidence intervals on the impact. However, this is diffi-

cult mainly because the two sets of scenario projections 𝐴 and 𝐵

are independently generated – the joint distribution of any given

outcome 𝑋 (e.g., number of deaths on a certain date) under the

two scenarios is not known to enable computing 𝑃 (𝑋 |𝐵 − 𝑋 |𝐴).
Also, the distribution is available as a set of quantiles rather than

a continuous cumulative distribution function (CDF). Asking the

models to generate a joint distribution of outcomes adds to the

challenges. First, the modeling teams already spend a significant

amount of time on modeling and projections. Additional work of

computing the joint distribution, every time a new decision is to

be evaluated, may create barriers to joining the multi-model effort

and releasing timely projections. Further, submitting joint distribu-

tions 𝑃 (𝑋 |𝐴,𝑋 |𝐵) will quadratically increase the space complexity.

Currently, the submissions in US Scenario Modeling Hub with only

marginal distributions 𝑃 (𝑋 |𝐴) for four scenarios for 50 states and
52 week-long projections and three targets (cases, deaths, and hos-

pitalizations) result in a file size over 100MB.

Our goal is to identify non-trivial bounds on the difference of

outcomes under two scenarios without asking for any additional

work from the participating modeling teams. We assume that we

have quantiles for targets for at least two scenarios of which the

difference is to be computed. We make some realistic assumptions

supported by observed data to derive an arbitrary 𝛼-confidence

interval for the difference of two scenarios. We start with a strong

assumption (Assumption 1) on the models that result in what we

define as zero-violation models. Under this assumption, we devise a

method to find arbitrary 𝛼-confidence. We then relax assumption 1

and define 𝜖−violation as model as a model that partially satisfies

Assumption 1 and claim any arbitrary 𝛼-confidence interval on sce-

nario difference can be still obtained if the 𝜖-violation model follows

Assumption 2. We demonstrate indications that the assumption is

reasonable through experiments on models submitted to the US

Scenario Modeling Hub.

2 METHODOLOGY
In this section, we describe a methodology to bound the difference

in scenarios for any arbitrary confidence interval 𝛼 under some

assumptions for the models. It should be noted that methods pro-

posed in this section apply to different scenario modeling problems
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where Assumption 1 holds. In this paper, we focus on the context

of COVID-19 multi-model predictions.

2.1 Problem Setting
Define a scenario 𝑆𝑡app ∈ S to be an environment in which some

events occurred at time 𝑡app. For instance, a scenario could be

recommending vaccination for children at 2 weeks ahead of the

time of prediction, so 𝑡app = 2 + 𝑡0, where 𝑡0 is the time when

the prediction is made. Notice that it is possible that 𝑡0 ≠ 𝑡app, i.e

events that distinguish scenarios need not immediately occur at the

time of prediction. Within each scenario, each unique set of latent

variables 𝑃0, 𝑃1, ..., 𝑃𝑛 and the time being predicted 𝑡 is associated

with a separate result (COVID-19 case, hospitalization, deaths).

For instance, if we are predicting COVID-19 cases, latent variables

𝑃0, 𝑃1, ..., 𝑃𝑛 could be temperature, human mobility, percentage of

masked population, etc.

A model in the multi-model effort takes in a future time 𝑡 ≥ 𝑡0
and a scenario 𝑆𝑡app as inputs, and outputs a stochastic prediction of

the COVID-19 cases, hospitalizations, and deaths associated with

the scenario. We can interpret the model that predicts the (COVID

cases, deaths, or hospitalizations) for 2 scenarios as a random vector

constructed by repeatedly uniformly sampling form the at most

countably infinite universe 𝑈 (𝑡) = {(𝑥𝑖 , 𝑦 𝑗 )}𝑁 , where 𝑈 is depen-

dent the time 𝑡 that we are predicting for. Each 𝑥𝑖 , 𝑦 𝑗 ∈ R is one

possible prediction for the two scenarios being compared and is

affected by the latent variables 𝑃1, 𝑃2, ..., 𝑃𝑛 as indicated in figure

1. For models capable of predicting more than 2 scenarios, inter-

pret them as uniformly sampling the random vectors of length |S|,
where |S| is the number of possible scenarios. Then, for each vector,

truncate it by selecting only elements 𝑥𝑖 and 𝑦𝑖 to form the 2-vector

(𝑥𝑖 , 𝑦 𝑗 ), corresponding to the two scenarios of interest. This in-

terpretation of models is equivalent to a Monte-Carlo simulation

with the underlying latent variables. Figure 1 provides a detailed

illustration of the interpretation of a model.

Now, label𝑥𝑖 and𝑦 𝑗 such that𝑥0 ≤ 𝑥1, ..., ≤ 𝑥𝑁 and𝑦0 ≤ 𝑦1, ..., ≤
𝑦𝑁 , and let𝑋 ,𝑌 be the respective random variables obtained by sam-

pling 𝑥𝑖 and 𝑦 𝑗 separately and independently from𝑈 = {(𝑥𝑖 , 𝑦 𝑗 )}𝑁 .

In our multi-model effort, the model only provides information

for 𝑋 and 𝑌 in the form of 23 distinctive quantiles, denote them

as Q𝑋 = {𝑄𝑋
𝑞1
, 𝑄𝑋

𝑞2
, ..., 𝑄𝑋

𝑞23
} and Q𝑌 = {𝑄𝑌

𝑞1
, 𝑄𝑌

𝑞2
, ..., 𝑄𝑌

𝑞23
} where

{𝑞1, 𝑞2, ..., 𝑞23} = q. Also, let 𝐹𝑋 (𝑘) and 𝐹𝑌 (𝑘) denote the cumula-

tive distribution function of random variable 𝑋 and 𝑌 evaluate at

𝑘 , respectively.

Definition 1. The tuple (𝑥𝑖 , 𝑦 𝑗 ) is a matching if and only if

(𝑥𝑖 , 𝑦 𝑗 ) ∈ 𝑈 (𝑡) for some 𝑡 . Denote this matching by 𝑥𝑖↔𝑦 𝑗 .

At the right of the figure 1, the elements 𝑥𝑖 and 𝑦 𝑗 with the same

color represent amatching pair (𝑥𝑖 , 𝑦 𝑗 ). Observe that 𝑥𝑖 and 𝑦 𝑗 hav-
ing the same set of latent variables (𝑃1, 𝑃2, ..., 𝑃𝑛, 𝑡) is a necessary
but not a sufficient condition for 𝑥𝑖↔𝑦 𝑗 .

From this interpretation, our problem of bounding difference of

scenarios can be formulated as the following:

Given 𝛼 ∈ (0, 1) and 𝑡 ∈ N, give an 𝛼-confidence interval for
𝑍 , the random variable obtained from uniformly sampling

𝑥𝑖 − 𝑦 𝑗 where 𝑥𝑖↔𝑦 𝑗 ∈ 𝑈 (𝑡)

To do this, we need to extract thematching information from the

23 quantiles given. We thereby propose the following assumption

on the scenario:

Assumption 1. (Monotonic Impact of Latent Variables): Changing

any subset of latent variables will impact the cases, hospitalizations,

and deaths of all scenarios in the same direction.

This assumption also follows the real-life observations of epi-

demics. Usually, the latent factors include more transmissible vari-

ants, lack of medical resources, social mobility, population aware-

ness, etc, combining these factors should give us monotonic impact

on the potency of the epidemic. It should be noted that, however,

this assumption is strong, and we will discuss the limitation of

this assumption and relax it in the part where violation models are

discussed.

2.2 Zero-Violation Models
For any models predicting scenarios that satisfy assumption 1, we

would expect it to demonstrate a similar behavior in its predictions.

That is, we can reasonably expect for all chosen pair (𝑥𝑖 , 𝑦 𝑗 ) ∈
𝑈 (𝑡) from the model, changing the latent variables 𝑃0, ..., 𝑃𝑛 will

only impact 𝑥𝑖 and 𝑦 𝑗 in the same direction. In other words, any

combination of interventions that could have reduced 𝑥𝑖 could not

increase 𝑦𝑖 , prompting the following definition:

Definition 2. A zero-violation model is a model that satisfies

assumption 1.

Due to the stochasticity of some models, the leaf nodes in figure

1 are not necessarily deterministic but are rather random vectors

(𝑋𝑖 , 𝑌𝑖 ). Taking account of this type of model and reconciling for

scenarios where assumption 1 does not hold, violation models is

defined and discussed in later sections. For now, keep in mind that

zero-violation models have deterministic leaf nodes in figure 1.

Lemma 1. (Well-Orderedness of zero-violationmodels): For𝑥𝑖↔𝑦 𝑗
produced by a zero-violation model, we must have 𝑖 = 𝑗 . That is, the

rank of matching 𝑥𝑖 and 𝑦 𝑗 must be equal in their respective ordered

list.

Proof. The proof can be found in Appendix A □

Lemma 1 implies that 𝐹𝑋 (𝑋 ≤ 𝑥𝑖 ) = 𝐹𝑌 (𝑌 ≤ 𝑦𝑖 ) = 𝑖
𝑁

for any

zero-violation model. Therefore, to sample 𝑍 = 𝑋 −𝑌 , it is sufficient

to choose 𝑖 uniformly at random from {1, 2, ...𝑁 } and calculate

𝑥𝑖 − 𝑦𝑖 . In our problem, however, only 23 𝑥𝑖 and 𝑦𝑖 are given with

their corresponding ranks (provided by the 23 quantiles). To adapt,

we propose algorithm 1 to find the set of possible upper and lower

bound on 𝑍 , from which any arbitrary 𝛼-confidence interval on 𝑍

can be obtained.

In Algorithm1, since 𝑄𝑋
𝑞𝑙
≤ 𝑥𝑖 ≤ 𝑄𝑋

𝑞𝑢
and 𝑄𝑌

𝑞𝑙
≤ 𝑦𝑖 ≤ 𝑄𝑌

𝑞𝑢
, it is

easy to see that

𝑄𝑋
𝑞𝑙
−𝑄𝑌

𝑞𝑢
≤ 𝑥𝑖 − 𝑦𝑖 ≤ 𝑄𝑋

𝑞𝑢
−𝑄𝑌

𝑞𝑙
(1)
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Algorithm 1 Iterative Zero-Violation Model Bound

Input: Quantile labels q, quantiles QXt
and QYt

Output: Upper and lower bound on 𝑍 = 𝑥𝑖 − 𝑦 𝑗 , 𝑍𝑈
and 𝑍𝐿

, at

time 𝑡

1: for 𝑗 = {1, 2, ..., 105} do
2: Sample

𝑖
𝑁

from Uniform(0, 1)
3: 𝑞𝑙 ← max𝑞∈q{𝑞 ≤ 𝑖

𝑁
}

4: 𝑞𝑢 ← min𝑞∈q{𝑞 ≥ 𝑖
𝑁
}

5: Append QX
𝑞𝑢
− QY

𝑞𝑙
to 𝑍𝑈

6: Append QX
𝑞𝑙
− QY

𝑞𝑢
to 𝑍𝐿

that is,

𝑍𝐿 ≤𝑍 ≤ 𝑍𝑈
(2)

Since IP(𝑙 ≤ 𝑍 ≤ 𝑢) = IP(𝑍 ≤ 𝑢) − IP(𝑍 ≤ 𝑙), and IP(𝑍 ≤
𝑢) ≥ IP(𝑍𝑈 ≤ 𝑢), IP(𝑍 ≤ 𝑙) ≤ IP(𝑍𝐿 ≤ 𝑙), we arrive at the

identity IP(𝑙 ≤ 𝑍 ≤ 𝑢) ≥ 𝑃 (𝑍𝑈 ≤ 𝑢) − IP(𝑍𝐿 ≤ 𝑙), which can be

applied to find the confidence interval. Namely, an 𝛼-confidence

interval is obtained by finding the appropriate 𝑢 and 𝑙 such that

IP(𝑙 ≤ 𝑍 ≤ 𝑢) ≤ IP(𝑍𝑈 ≤ 𝑢) − IP(𝑍𝐿 ≤ 𝑙) = 𝛼 .

In addition, as the number of available quantiles increases uni-

formly on [0, 1], 𝑞𝑙 converges to 𝑞𝑢 (𝑞𝑙 → 𝑞𝑢 ). Thus, 𝑄
𝑋
𝑞𝑙
→ 𝑄𝑋

𝑞𝑢
,

𝑄𝑌
𝑞𝑙
→ 𝑄𝑌

𝑞𝑢
, and 𝑍𝑈 − 𝑍𝐿 = 𝑄𝑋

𝑞𝑢
−𝑄𝑋

𝑞𝑙
+𝑄𝑌

𝑞𝑙
−𝑄𝑌

𝑞𝑢
→ 0; that is,

𝑍𝐿 → 𝑍𝑈 = 𝑍 eventually when large number of quantiles become

available.

2.3 Violation Models
A violation model is a model that only partially satisfies assump-

tion 1. From Lemma 1, a zero-violation model is expected to have

𝑥𝑖↔𝑦 𝑗 , ∀ 𝑖 = 𝑗 . Equivalently, for zero-violation models with sce-

narios whose 𝑡app > 𝑡0, 𝑥𝑖 = 𝑦𝑖 is expected because 𝑥𝑖↔𝑦𝑖 and the

events that differentiates the scenarios has not occurred at time

𝑡 ≤ 𝑡app, which entails 𝑄𝑋
𝑞𝑖

= 𝑄𝑌
𝑞𝑖
∀𝑞𝑖 ∈ q. However, this is not

observed in practice for two reasons:

(1) Some models have stochasticity, and the leaf nodes in figure

1 becomes random variables (𝑋𝑖 , 𝑌𝑗 ) instead of the determin-

istic vector (𝑥𝑖 , 𝑦 𝑗 ). From repeated sampling 𝑥𝑖 and 𝑦 𝑗 from

𝑋𝑖 and 𝑌𝑗 , we can not guarantee 𝑥𝑖 = 𝑦𝑖 for 𝑡 ≤ 𝑡app .

(2) Assumption 1 is violated in the models. This can happen in

many ways. For instance, vaccines can be more potent under

some specific circumstances.

In reality, a weaker version of assumption 1 is more likely to hold:

cases, hospitalizations, and deaths are monotonic with changing

one latent variable, instead of changing a set of latent variables. That

is, each vaccination, human mobility, weather, etc. has a monotonic

impact, but the monotonic impact is not guaranteed when the

changes are combined. Empirically, however, we later demonstrate

that the extent to which the assumption is violated is small.

For models that violates assumption 1 or have stochasticity (ran-

dom vectors as leaf nodes in figure 1), we define them as viola-

tion models. To quantitatively examine this type of models, define

𝜖-violation as a measure on the degree of violation for violation

models.

2.3.1 𝜖-Violation. A mismatch occurs when 𝑥𝑖↔𝑦 𝑗 with 𝑖 ≠ 𝑗 .

There are two kinds of mismatch that can happen: either 𝑖 > 𝑗 or

𝑖 < 𝑗 . In other words, 𝑥𝑖 is matched to an element that is above its

rank in 𝑌 ’s ordered list or vice versa. The right hand side of Figure

1 illustrates this: depicted in orange, 𝜖𝑢 is the maximum upper

mismatch of 𝑥𝑖↔𝑦𝑖 , while 𝜖𝑙 is the maximum lower mismatch

depicted in green. To bound 𝑥𝑖 −𝑦 𝑗 for 𝑥𝑖↔𝑦 𝑗 of a violation model,

we therefore need to take the maximum of 𝑥𝑖 −𝑥𝑖+mismatch
and 𝑥𝑖 −

𝑥𝑖−mismatch
. The following definition formally defines mismatch.

Definition 3. The 𝜖-violation of a violation model is the largest

difference in quantiles for 𝑥𝑖↔𝑦 𝑗 in their respective ordered lists, i.e

𝜖𝑢 = max

𝑥𝑖↔ 𝑦 𝑗 ,𝑡
{𝐹𝑌 (𝑥𝑖 ) − 𝐹𝑋 (𝑦 𝑗 )} (3)

𝜖𝑙 = − min

𝑥𝑖↔ 𝑦 𝑗 ,𝑡
{𝐹𝑌 (𝑥𝑖 ) − 𝐹𝑋 (𝑦 𝑗 )} (4)

where 𝑡 in max and min represents all predictions over time.

Intuitively, the larger the 𝜖𝑙 and 𝜖𝑢 , the higher the mismatch,

and thus more uncertainty the model’s predictions. Also, since

𝑥𝑖↔𝑦 𝑗 ⇒ 𝑖 = 𝑗 for zero-violation models, we have 𝐹𝑋 (𝑥𝑖 ) =

𝐹𝑋 (𝑥 𝑗 ) = 𝐹𝑌 (𝑦 𝑗 ) for all 𝑥𝑖↔𝑦 𝑗 for zero-violation models, prompt-

ing the following corollary:

Corollary 1. A model has 𝜖𝑢 = 𝜖𝑙 = 0 if and only if it is a

zero-violation model.

To bound {𝑥𝑖 −𝑦 𝑗 : 𝑥𝑖↔𝑦 𝑗 } for violation models with algorithm

1, we need to account for the cases where 𝑦 𝑗 exceeds 𝑄
𝑌
𝑞𝑢

or falls

below 𝑄𝑌
𝑞𝑙
, as shown in the right hand side of figure 1. Similar

adjustments need to be made for 𝑥𝑖 as well, prompting the need for

wider bound. To do this, instead of sampling 𝑞𝑙 and 𝑞𝑢 such that

𝑞𝑙 ≤ 𝑖
𝑁
≤ 𝑞𝑢 , sample𝑞𝑙 and𝑞𝑢 to be the tightest quantiles such that

𝑞𝑙 ≤ max{ 𝑖
𝑁
− 𝜖 ,min{q}} and 𝑞𝑢 ≥ min{ 𝑖

𝑁
+ 𝜖,max{q}}, where

taking the max and min with q enforces 𝑞𝑢 and 𝑞𝑙 to be within

[min{q},max{q}], the range of available quantiles. Sampling this

way guarantees the 𝑦 𝑗 which 𝑥𝑖 is supposed to bematched with lies

within [𝑄𝑌
𝑞𝑙
, 𝑄𝑌

𝑞𝑢
], and the 𝑥𝑘 that 𝑦 𝑗 is supposed to be matched

with is in the interval [𝑄𝑋
𝑞𝑙
, 𝑄𝑋

𝑞𝑢
]. Then, similar to the zero-violation

models, we attain the confidence interval by finding the appropriate

𝑢 and 𝑙 such that IP(𝑙 ≤ 𝑍 ≤ 𝑢) ≥ IP(𝑍𝑈 ≤ 𝑢) − IP(𝑍𝐿 ≤ 𝑙).
Algorithm 2 illustrates the sampling of 𝑍𝑈

and 𝑍𝐿
in detail.

Algorithm 2 Iterative Violation Model Bound

Input: Violation parameters 𝜖𝑢 and 𝜖𝑙 , quantile labels q, quantiles
QX

and QY

Output: Upper and lower bounds 𝑍𝑈
and 𝑍𝐿

at time 𝑡

1: for 𝑗 = {1, 2, ..., 105} do
2: Sample

𝑖
𝑁

from Uniform(0, 1)
3: 𝑞𝑙 ← max𝑞∈q{𝑞 ≤ max{ 𝑖

𝑁
− 𝜖𝑙 ,min{q}}}

4: 𝑞𝑢 ← min𝑞∈q{𝑞 ≥ min{ 𝑖
𝑁
+ 𝜖𝑢 ,max{q}}}

5: Append QX
𝑞𝑢
− QY

𝑞𝑙
to 𝑍𝑈

𝑡

6: Append QX
𝑞𝑙
− QY

𝑞𝑢
to 𝑍𝐿

𝑡

In algorithm 2, since the CDF is a monotonically increasing

function, and 𝜖𝑢 and 𝜖𝑙 is strictly positive,

𝑥𝑖 − 𝐹−1𝑌 (
𝑖

𝑁
+ 𝜖𝑢 ) ≤ 𝑥𝑖 − 𝑦 𝑗 ≤ 𝑥𝑖 − 𝐹−1𝑌 (

𝑖

𝑁
− 𝜖𝑙 ) (5)
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Figure 1: Illustration for the interpretation of the zero-violation model at time 𝑡 . The root node represents the time 𝑡 that themodel is generating
predictions for, while every other non-leaf nodes are latent variables 𝑃𝑖 affecting predictions. As it might not be feasible for the model to
capture the precise dynamics of the environment(scenario), 𝑃𝑖 in themodel can be different from the 𝑃𝑖 of the scenario. The leaf nodes are
vectors in R|S| , where |S | is the total number of scenarios the model predicts (in this figure, |S | = 2). The leaf nodes are affected by the variables
from all of its ancestor nodes. Each unique path in this tree generates a distinct vector, and the collection of which forms the universe at time 𝑡 .
The two lists 𝑋 and 𝑌 depicted at the right of𝑈 are the ranked independent observations of 𝑥𝑖 and 𝑦 𝑗 .

by the definition of 𝜖𝑢 and 𝜖𝑙 for ∀𝑥𝑖↔𝑦 𝑗 . Then, since𝑄
𝑌
𝑞𝑢

and𝑄𝑌
𝑞𝑙

are sampled such that𝑄𝑌
𝑞𝑢
≥ 𝐹−1

𝑌
( 𝑖
𝑁
+ 𝜖𝑢 ) and𝑄𝑌

𝑞𝑙
≤ 𝐹−1

𝑌
( 𝑖
𝑁
− 𝜖𝑙 ),

we have

𝑥𝑖 −𝑄𝑌
𝑞𝑢
≤ 𝑥𝑖 − 𝐹−1𝑌 (

𝑖

𝑁
+ 𝜖𝑢 ) (6)

≤ 𝑥𝑖 − 𝑦 𝑗 (7)

≤ 𝑥𝑖 − 𝐹−1𝑌 (
𝑖

𝑁
− 𝜖𝑙 ) (8)

≤ 𝑥𝑖 −𝑄𝑌
𝑞𝑙

(9)

since 𝑄𝑋
𝑞𝑙
≤ 𝑥𝑖 ≤ 𝑄𝑋

𝑞𝑢
,

𝑄𝑋
𝑞𝑙
−𝑄𝑌

𝑞𝑢
≤ 𝑥𝑖 − 𝑦 𝑗 ≤ 𝑄𝑋

𝑞𝑢
−𝑄𝑌

𝑞𝑢
(10)

that is,

𝑍𝐿 ≤𝑍 ≤ 𝑍𝑈
(11)

The task remains to extract 𝜖 from the quantiles. Since only

23 quantiles and their respective matchings are known, it is not

possible to obtain information on 𝐹𝑋 (𝑥𝑖 ) − 𝐹𝑌 (𝑦 𝑗 ) for the full dis-
tribution. Therefore, 𝜖 can be only estimated with the matchings

𝑥𝑖↔𝑦 𝑗 observable from the quantiles. As the matchings are only

known for scenarios with 𝑡app ≥ 𝑡0 (𝑄
𝑋
𝑖
should be equal to𝑄𝑌

𝑖
since

scenario has not taken effect. If not, all misalignment are due to

stochasticity), only those scenarios are valid for the approximation

of 𝜖 . Now, we propose the concrete method to estimate such 𝜖 from

scenarios with 𝑡app ≥ 𝑡0.

2.3.2 Estimating 𝜖 for ViolationModels. Due to the above-mentioned

reasons, additional assumptions on the behavior of the violation

measure need to be proposed in order to bound the difference in

scenarios with 𝑡 > 𝑡app.

Assumption 2. A violation model is said to be well-behaved if its

outputs satisfies both

argmax

𝑡
{𝐹𝑌 (𝑦 𝑗 ) − 𝐹𝑋 (𝑥𝑖 )} ≤ 𝑡app (12)

and

argmin

𝑡
{𝐹𝑌 (𝑦 𝑗 ) − 𝐹𝑋 (𝑥𝑖 )} ≤ 𝑡app (13)

for ∀𝑥𝑖↔𝑦 𝑗 (Non-increasing 𝜖 after 𝑡app)

As discussed in the problem setting, both 𝐹𝑌 (𝑦𝑖 ) and 𝐹𝑋 (𝑥𝑖 )
are sampled from 𝑈 (𝑡) and is dependent on 𝑡 . Here, with a slight

abuse of notation, we take argmax and argmin on 𝑡 to restrict

the behavior of the violation across time. Intuitively, assumption 2

restricts the time at which maximum violation occurs to be before

𝑡app, so that the maximum violation is observable. In effect, this

assumption enforces the upper-bound estimated on violation for

𝑡 ≤ 𝑡app is still an upper bound for 𝑡 > 𝑡app.

Definition 4. Without loss of generality, let 𝑋 be the scenario

such that 𝑄𝑋
𝑞𝑖
≥ 𝑄𝑌

𝑞𝑖
, depending on 𝑖 . Define the estimated upper and

lower violation 𝜖𝑙 and 𝜖𝑢 for a violation model as the following:

𝜖𝑙 = max

𝑖
{𝑞𝑖 − 𝑞𝛼 }, where 𝛼 = max

𝑘≤𝑖−1
{𝑄𝑋

𝑞𝑘
≥ 𝑄𝑌

𝑞𝑖−1 } (14)

and

𝜖𝑢 = −min

𝑖
{𝑞𝑖 − 𝑞𝛽 }, where 𝛽 = min

𝑘≥𝑖+1
{𝑄𝑌

𝑞𝑘
≥ 𝑄𝑋

𝑞𝑖+1 } (15)

for all 𝑄𝑋
and 𝑄𝑌

corresponding to 𝑡 < 𝑡app

Lemma 2. For the estimated upper and lower violation 𝜖𝑢 and 𝜖𝑙
and the approximated violation 𝜖𝑢 and 𝜖𝑙 , we have

𝜖𝑢 ≤ 𝜖𝑢 and 𝜖𝑙 ≤ 𝜖𝑙 (16)

Proof. The proof can be found in Appendix A □
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The implementation detail of estimating 𝜖𝑢 and 𝜖𝑙 is given in

algorithm 3. The estimated 𝜖 obtained can be then plugged into

algorithm 1 to evaluate the 𝛼-confidence interval.

Algorithm 3 Estimating 𝜖𝑙 and 𝜖𝑢

Input: Quantile labels q, quantiles QXt
and QYt

, 𝑡app
Output: 𝜖𝑢 and 𝜖𝑙

1: 𝜖𝑢 ← [ ]

2: 𝜖𝑙 ← [ ]

3: for 𝑡 = 1, 2, ..., 𝑡𝑎𝑝𝑝 do
4: for 𝑖 = 1, 2, ..., |q| do
5: if QXt [𝑖] ≥ QYt [𝑖] then
6: QUt ← QXt

7: QLt ← QYt

8: else
9: QUt ← QYt

10: QLt ← QXt

11: 𝛼 ← max𝑘≤𝑖 {QUt [𝑘] ≥ QLt [𝑖 − 1]}
12: 𝛽 ← min𝑘≥𝑖 {QLt [𝑘] ≥ QUt [𝑖 + 1]}
13: Append q[𝑖] − q[𝛼] to 𝜖𝑢
14: Append q[𝛽] − q[𝑖] to 𝜖𝑙
15: 𝜖𝑙 ← max{𝜖𝑙 }
16: 𝜖𝑢 ← max{𝜖𝑢 }

2.3.3 Approximating 𝜖 . As shown in 2, both 𝜖𝑢 and 𝜖𝑙 are guaran-

teed to be over-estimations for 𝜖𝑢 and 𝜖𝑙 .

In the scenarios where the 𝑥𝑖 and 𝑦 𝑗 are not clustered around

certain values, their cumulative distribution functions should be

relatively "smooth". As the estimated 𝜖 is always maximized in the

worst-case scenario (all the values are clustered so that the CDF

looks stair-like), it is reasonable to approximate the estimation of 𝜖

to obtain a smaller uncertainty bound. Naturally, the CDF of 𝑋 and

𝑌 can be interpolated to obtain more quantiles. The monotonicity of

Cubic Hermite Interpolating Polynomial (PCHIP) makes it a suitable

candidate for interpolating CDF. As stated earlier, the smaller the

𝜖 , the closer 𝑍𝐿
is to 𝑍𝑈

in algorithm 1, resulting in a tighter

confidence interval.

Definition 5. Depending on the choice of 𝑖 , let 𝑋 be the scenario

associated with a higher quantile (𝑄𝑋 (𝑖) > 𝑄𝑌 (𝑖)). let PCHIP𝑋 (𝑥𝑖 ) :
𝑋 → 𝑞 ∈ [0, 1] be the interpolated CDF of scenario X (i.e 𝐹𝑋 ). Define

the approximated 𝜖𝑙 and 𝜖𝑢 as

Y𝑢 = max

𝑞
{PCHIP𝑌 (𝑥) − PCHIP𝑋 (𝑥)} (17)

Y𝑙 = −min

𝑞
{PCHIP𝑌 (𝑥) − PCHIP𝑋 (𝑥)} (18)

for ∀𝑥 ∈ [min{QY,QX},max{QX,QY}].

As more quantiles become available, the PCHIP interpolation

in 4 becomes a more accurate approximation of the inverse CDF.

Since PCHIP is always a refined approximation of the quantiles and

combining lemma 2, the relations Y𝑢 ≤ 𝜖𝑢 ≤ 𝜖𝑢 and Y𝑙 ≤ 𝜖𝑙 ≤ 𝜖𝑙
hold.

Algorithm 4 Approximating 𝜖 with PCHIP

Input: Quantile labels q, quantiles QXt
and QYt

;

Output: Approximated Y𝑙 and Y𝑢

1: Yu ← [ ]

2: Yl ← [ ]

3: for 𝑡 = 0, 0.001, 0.002, ..., 0.999, 1.000} do
4: 𝐹𝑋 ← PCHIP(QXt , q)
5: 𝐹𝑌 ← PCHIP(QYt , q)
6: for 𝑖 = 1, 2, ..., |q| do
7: if 𝐹𝑋 (𝑖) > 𝐹𝑋 (𝑖) then
8: 𝐹𝑌 , 𝐹𝑋 = 𝐹𝑋 , 𝐹𝑌

9: Ỹ .append(𝐹𝑌 (𝑖) − 𝐹𝑋 (𝑖))
10: Y𝑙 ← max{Ỹ}
11: Y𝑢 ← −min{Ỹ}

2.4 Approximating 𝑍
The approach of using interpolated quantiles to approximate 𝜖𝑙
and 𝜖𝑢 can be used to approximate the bounds for 𝑍 = 𝑥𝑖 − 𝑦 𝑗
for ∀𝑥𝑖↔𝑦 𝑗 as well. Again, in scenarios where the CDF for 𝑋 and

𝑌 are “smooth”, we can use the PCHIP interpolator to obtain a

modified version of algorithm 2. For zero-violation models, recall

𝑍𝐿 → 𝑍𝑈 = 𝑍 as the number of quantiles approaches infinity

uniformly over the range [0, 1]. Thus using PCHIP to approximate

𝑍𝑈
𝑡 and𝑍𝐿

𝑡 would result in𝑍𝐿
𝑡 = 𝑍𝑈

𝑡 , as reflected in the bottom right

subplot of 5. The implementation details are given in algorithm 5.

To approximate a zero-violation model, all that’s needed is to apply

algorithm 5 with 𝜖𝑢 = 𝜖𝑙 = 0.

Algorithm 5 Approximated Iterated Model Bound

Input: Quantile labels q, quantiles QX
and QY

Output: Discrete Random Variables 𝑍𝑈
and 𝑍𝐿

1: ZUt ← [ ]; Z
L
t ← [ ]

2: �̃�𝑋 ← PCHIP
−1 (q,QX)

3: �̃�𝑌 ← PCHIP
−1 (q,QY)

4: for 𝑘 = 1, 2, ..., 105 do
5: Sample

𝑖
𝑁

from Uniform(0, 1)
6: 𝑞𝑙 ← 𝑖

𝑁
− 𝜖𝑙 ; 𝑞𝑢 ← 𝑖

𝑁
+ 𝜖𝑢

7: Append �̃�𝑋 (𝑞𝑢 ) − �̃�𝑌 (𝑞𝑙 ) to ZUt
8: Append �̃�𝑋 (𝑞𝑙 ) − �̃�𝑌 (𝑞𝑢 ) to ZLt

return ZUt ,Z
U
t

3 EXPERIMENTS
We evaluate our proposed methods on the multi-model prediction

results for round 9 and round 11, where round 9 has 𝑡app > 𝑡0 and

round has 𝑡app = 𝑡0; that is, the divergence of scenarios in round 9

is delayed while round 11 is immediate, and each increment in the

timestamp 𝑡 represents a week. We first use round 9 to demonstrate

the estimation and approximation of 𝜖 . As it is only possible to

estimate 𝜖 for a scenario with 𝑡 > 𝑡app. Then, we devise a reasonable

guess of 𝜖 and evaluate the difference of scenarios with that 𝜖 .



SIGKDD’22, Washington, DC, USA,
Yuanhao Lu and Ajitesh Srivastava

3.1 Estimation and Approximation of 𝜖
Model 𝜖𝑙 𝜖𝑢 Y𝑙 Y𝑢

USC SIkJalpha [8] 0.05 0.1 0.013 0.013

Ensemble 0.05 0.1 0.038 0.037

Ensemble LOP 0.05 0.1 0.025 0.025

Ensemble LOP Untrimmed 0.05 0.1 0.02 0.025

JHUAPL Bucky [11] 0.05 0.05 0.00 0.00

MOBS NEU-GLEAM COVID [1] 0.05 0.1 0.05 0.05

Table 1: Summary of 𝜖 for round 9 scenario ‘B’ and ‘A’ cumu-
lative cases. For each row, the largest of 𝜖 and Y are marked
in bold

In round 9 𝑡app = 4. In other words, with prediction starting at

𝑡0 = 0, there is a total of 4 weeks’ data available before 𝑡app for

obtaining 𝜖 . We demonstrate the estimation and approximation of

both 𝜖𝑢 and 𝜖𝑙 for a list of models participating in the multi-model

COVID-19 prediction effort. In figure 2, we choose scenarios ‘A’

and ‘B’ as the scenarios of interest; namely, scenario ‘A’ refers to

adopting childhood vaccination and no new COVID-19 variant,

while scenario ‘B’ refers to no childhood vaccination and no new

COVID-19 variant, all of which are for cases cumulative data. We

observe from the left subplot that the estimated epsilon violation

𝜖𝑙 and 𝜖𝑢 is small and clusters for all the models being examined.

For the approximations Y𝑙 and 𝜖𝑢 , a linear relationship is observed

between the two values for any given model. The numerical results

are given in table 1. Notice that for all of themodels examined, Y ≤ 𝜖

as expected.

3.1.1 Distribution of 𝜖 and Y. Since we obtain 𝜖 and Y via maximiza-

tion on 𝑡 ≤ 𝑡app, it is worthwhile to examine the distribution of

both 𝜖 and Y versus 𝑡 to make sure the maximums obtained are not

outliers. Again, we use the same round and environment settings

as before. From figure 3, the value of 𝜖𝑙 stays constant in the 4

weeks that are examined, and although slight variations in 𝜖𝑢 is

present, no significant outlier exist to have a significant impact on

the overall 𝜖𝑢 .

For the distribution of Y in figure 4, the clustering effect is signifi-

cantly reduced as compared to the non-interpolated estimate of 𝜖 in

figure 3. From observation, although Y has a higher variance across

weeks for any particular model, the overall distribution remains

fairly uniform and no significant outlier exists for all of the models

examined.

3.2 Confidence Intervals of Z
After obtaining an estimated 𝜖 and examining its distribution in

detail, we now attempt to use algorithm 2 and algorithm 5 to bound

the difference of cumulative cases for round 11 scenario ‘B’ − ‘A’.
Specifically, scenario ‘B’ refers to “Optimistic severity and high

transmissibility increase", while ‘A’ refers to “Optimistic severity

and low transmissibility increase", with both scenarios starting at

2021-12-21. Unlike round 9, round 11 has 𝑡0 = 𝑡app, and we therefore

cannot estimate nor approximate 𝜖 with the algorithm proposed.

Yet, we should be able to make reasonable speculation of 𝜖 from

the previous plots of 𝜖 distributions. Instead of taking a conclusive

guess, we demonstrate the effect of different 𝛼 on the resulting

𝛼-confidence interval. In particular, we use 𝛼 = 0.8. The result from
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Figure 2: 𝜖 and Y plots for various models for round 9 scenarios ‘A’
and ‘B. For the top subplot, 𝜖𝑙 and 𝜖𝑢 are clustered at two coordinates
on the graph. This is understandable as 𝜖𝑢 and 𝜖𝑙 are always greater
or equal to the smaller difference in quantiles; that is, for models
with violations smaller than the smallest difference in quantiles,
the estimated violation gets rounded up. For approximated Y, the
bottom subplot, clustering is not observed as Y are calculated from
interpolated quantiles where the smallest difference in the quantiles
is close to 0.
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Figure 3: Distribution of 𝜖 over time for round 9 cases cumulative
scenarios ‘A’ and ‘B’. As observed, since both 𝜖 and Y are maximized
over time, the estimates for 𝜖 are reasonable as no significant varia-
tion is observed over time.
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Figure 4: Distribution of Y over time for round 9 cases cumulative
scenarios ‘A’ and ‘B’. Comparing to the 𝜖 in figure 3, Y are not lower-
bounded by the smallest difference in quantiles. Therefore, as ex-
pected, more variation is observed across time.

both exact (algorithm 2)𝑍 and estimated (algorithm 5) 𝛼-confidence

interval for 𝑍 are plotted side by side in figure 5.

Intuitively, the effect of simultaneously increasing 𝜖𝑢 and 𝜖𝑙 has

a two-sided effect on the 𝛼-confidence interval obtained for some

fixed alpha. When 𝜖𝑙 = 𝜖𝑢 = 0 for the approximated method (i.e

interpolating the quantiles), it has been previously shown that 𝑍𝑈

converges to 𝑍𝐿
; in other words, the medians and mean of both

random variables collide. This can be seen from the bottom left

subplot of figure 5.

From the plots, we are provided with a way to interpret the

results generated by the model “USC SIKJalpha": With at least 0.8

probability, the difference in the projections of highly transmissible

and low transmissible variants of COVID-19 is going to fall within

the blue region ascribed in figure 5.

4 CONCLUSION
The goal of generating scenario projections based on a future deci-

sion is to assess the impact of that decision. In practice, however,

as the joint distribution of decisions is unknown, obtaining tight

bounds from probabilistic projections is often infeasible without

significant changes to the model. Without doing additional work on

the model, the methods proposed can find arbitrary 𝛼-confidence

intervals for scenario differences, under some assumptions. The

second half of the paper is dedicated to relaxing the assumptions by

incorporating a quantitative measure 𝜖 on the degree of violation

of the assumption. Finally, a method is proposed to reliably approx-

imate the difference in the probabilistic projections of scenarios.
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USC_SIkJalpha Scenario B - A Round 11 Case Culmulative

Figure 5: 0.8-confidence interval for scenario B - A cases cumulative
round 11 for the model USC-SikJ𝛼 . The left column of subplots
results from algorithm 2 and the right column are the approximated
bounds via algorithm 5. This plot demonstrates the effects of varying
levels of violation have on the resulting bound.
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A APPENDIX
The code, data, and instructions to reproduce the results and visu-

alizations associated with this work can be found in Github
1
.

Proof. (Lemma 1) Consider the matching 𝑥𝑖↔𝑦 𝑗 . Without loss

of generality, assume 𝑖 > 𝑗 , then since each 𝑥 and 𝑦 has a one-to-

one mapping, there must exist an 𝑖 ′ < 𝑖 and 𝑗 ′ > 𝑗 such that 𝑥𝑖′ is

matched with 𝑦 𝑗 ′ . Otherwise, by the Pigeon-Hole principle, more

than one 𝑥 would need to be matched with one 𝑦, contradicting the

one-to-one mapping of 𝑥 and 𝑦.

Consider the changes in latent variables that changed the pairs

(𝑥𝑖 , 𝑦 𝑗 ) to (𝑥𝑖′, 𝑦 𝑗 ′). This change decreased 𝑥𝑖 to 𝑥𝑖′ while increased
𝑦 𝑗 to 𝑦 𝑗 ′ , violating assumption 1. □

Proof. (Lemma 2) We abuse the notation for min and max to

be taken on 𝑡 . This means to take the extremum on for 𝑥𝑖↔𝑦 𝑗 on

𝑈 (𝑡) ∀ 𝑡 . Since the model is well-behaved, for 𝑥𝑖↔𝑦 𝑗 we have

𝜖𝑢 := −min

𝑖, 𝑗,𝑡
{𝐹𝑌 (𝑦 𝑗 ) − 𝐹𝑋 (𝑥𝑖 )} (19)

= − min

𝑖, 𝑗,𝑡<𝑡app
{𝐹𝑌 (𝑦 𝑗 ) − 𝐹𝑋 (𝑥𝑖 )} (20)

since 𝐹 (𝑥𝑖 ) is monotonic in 𝑥𝑖 ,

𝐹𝑋 (𝑄𝑞𝛽 ) ≥ 𝐹𝑋 (𝑥𝑖 ), where 𝛽 = min

𝑘≥𝑖
{𝑄𝑌

𝑞𝑘
≥ 𝑥𝑖 } (21)

it thus follows from 20 that

𝜖𝑢 ≤ − min

𝑗,𝑡<𝑡app
{𝐹𝑌 (𝑦 𝑗 ) − 𝐹𝑋 (𝑄𝑞𝛽 )}, where 𝛽 = min

𝑘≥𝑖
{𝑄𝑌

𝑞𝑘
≥ 𝑥𝑖 }

(22)

= − min

𝑗,𝑡<𝑡app
{𝐹𝑌 (𝑦 𝑗 ) − 𝑞𝛽 }, where 𝛽 = min

𝑘≥𝑖
{𝑄𝑌

𝑞𝑘
≥ 𝑥𝑖 } (23)

Since ∀𝑥𝑖 , 𝑦 𝑗 ∃𝑞𝑖−1, 𝑞𝑖 such that

𝑞𝑖−1 ≤ 𝐹𝑌 (𝑦 𝑗 ) ≤ 𝑞𝑖 (24)

1
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That is, from lemma 1, 𝑄𝑌
𝑞𝑖−1 ≤ 𝑦 𝑗 = 𝑥𝑖 ≤ 𝑄𝑌

𝑞𝑖
≤ 𝑄𝑋

𝑞𝑖
. Then, from

23 we have

𝜖𝑢 ≤ − min

𝑖−1,𝑡<𝑡app
{𝑞𝑖−1 − 𝑞𝛽 }, where 𝛽 = min

𝑘≥𝑖
{𝑄𝑌

𝑘
≥ 𝑄𝑋

𝑞𝑖
} (25)

= − min

𝑖,𝑡<𝑡app
{𝑞𝑖 − 𝑞𝛽 }, where 𝛽 = min

𝑘≥𝑖+1
{𝑄𝑌

𝑘
≥ 𝑄𝑋

𝑖+1} (26)

= 𝜖𝑢 (27)

as desired. Similarly,

𝜖𝑙 := max

𝑖, 𝑗,𝑡
{𝐹𝑌 (𝑦 𝑗 ) − 𝐹𝑋 (𝑥𝑖 )} (28)

= max

𝑖, 𝑗,𝑡<𝑡app
{𝐹𝑌 (𝑦 𝑗 ) − 𝐹𝑋 (𝑥𝑖 )} (29)

since 𝐹 (𝑥𝑖 ) is monotonic in 𝑥𝑖 ,

𝜖𝑢 ≤ max

𝑗,𝑡 ≤𝑡app
{𝐹𝑌 (𝑦 𝑗 ) − 𝑞𝛼 }, where 𝛼 = max

𝑘≤𝑖−1
{𝑄𝑋

𝑞𝑘
≥ 𝑥𝑖 } (30)

applying lemma 1,

= max

𝑗,𝑡 ≤𝑡app
{𝐹𝑌 (𝑦 𝑗 ) − 𝑞𝛼 }, where 𝛼 = max

𝑘≤𝑖−1
{𝑄𝑋

𝑞𝑘
≥ 𝑦 𝑗 } (31)

Since ∀𝑥𝑖 , 𝑦 𝑗 ∃𝑞𝑖−1, 𝑞𝑖 such that

𝑞𝑖−1 ≤ 𝐹𝑌 (𝑦 𝑗 ) ≤ 𝑞𝑖 (32)

that is, from the assumption 𝑄𝑋
𝑖
≥ 𝑄𝑌

𝑖
,

𝑄𝑌
𝑖 ≥ 𝑦 𝑗 = 𝑥𝑖 ≥ 𝑄𝑌

𝑞𝑖−1 ≥ 𝑄𝑋
𝑞𝑖−1 (33)

then, from 31 we have

𝜖𝑢 ≤ − min

𝑗,𝑡 ≤𝑡app
{𝑞𝑖 − 𝑞𝛼 }, where 𝛼 = min

𝑘≤𝑖−1
{𝑄𝑌

𝑘
≥ 𝑄𝑋

𝑗−1} (34)

= 𝜖𝑢 (35)

as desired. □
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